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We prove that an Axiom A vector ﬁeld on an orientable closed 3-manifold not homeomor-
phic to S3 for which every transverse torus bounds a solid torus either is transitive or has a
sink or a source. This result is false without these hypotheses.
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1. Introduction
A sink for vector ﬁelds is a hyperbolic attracting periodic orbit or singularity while a source is a sink for the time-reversed
vector ﬁeld. Analogous deﬁnitions hold for diffeomorphisms.
The motivation of this paper is a result [10] asserting that every Axiom A vector ﬁeld on a closed 3-manifold with
a transverse torus intersecting all orbits except one (which is not null homotopic) either is transitive or has a sink or a
source. Indeed, we obtain an analogous conclusion for vector ﬁelds on orientable closed 3-manifolds not homeomorphic to S3
provided that every transverse torus bounds a solid torus. Notice that the hypotheses in [10] and the present ones are mutually
exclusive since a transverse torus intersecting all orbits except one does not separate the manifold while one bounding
a solid torus does. We also observe that the result in the present paper is false in S3 (by an example [1]) or without
the hypothesis that every transverse torus bounds a solid torus (by [3]). Examples where the hypotheses of our result are
fulﬁlled will be given.
2. Statements and proofs
We start with some basic topological tools (see [7] for details). A manifold is closed if it is compact, connected and
boundaryless. By an n-manifold we mean a manifold of dimension n ∈ N. Hereafter M will denote a closed orientable
Riemannian 3-manifold. We denote by int(·) and ∂(·) the interior and boundary operations respectively.
By a surface in M we mean the image of a C∞ embedding from a closed 2-manifold S to M which is a homeomorphism
onto its image. We still denote such an image by S . We say that S separates M if M \ S is not connected; and two-sided if
there is a neighborhood U ⊂ M of S and a diffeomorphism h : S × [−1,1] → U such that h(S × 0) = S .
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is a manifold diffeomorphic to Sn (resp. Dn). We say that a 3-manifold is irreducible if every two-sided 2-sphere on it bounds
a 3-ball. Irreducible 3-manifolds include 3-spheres and 3-balls. We shall need the following elementary characterization
of S3.
Lemma 1. A necessary and suﬃcient condition for a closed 3-manifold M to be homeomorphic to S3 is that M is the union of a 3-ball,
with two-sided boundary, and an irreducible compact 3-manifold.
Proof. The necessity is trivial so we only have to prove the suﬃciency. For this we let M = D ∪ N be the union of a 3-
ball D , with two-sided boundary ∂D , and an irreducible compact 3-manifold N . It is clear that D ⊂ N for otherwise N = M
contradicting the hypothesis that M is boundaryless. Clearly ∂N ⊂ D and so we can assume that ∂N ⊂ int(D), by enlarging
D a bit, so ∂D ⊂ int(N). Since ∂D is a two-sided sphere and N is irreducible we conclude that ∂D bounds a 3-ball D ′ in N .
But D ′ = D since D ⊂ N so int(D) ∩ int(D ′) = ∅ which implies M = D ∪ D ′ since ∂D = ∂D ′ . Since D and D ′ are balls we get
the result (cf. [13]). 
A two-sided surface S in a 3-manifold N is incompressible (in N) if the homomorphism π1(S) → π1(N) induced by the
inclusion is injective. A torus is a surface which is the image of the standard torus S1 × S1. A solid torus is a manifold
diffeomorphic to D2 × S1. Irreducible manifolds also include the solid tori. A torus in M bounds a solid torus if it separates
M and the closure of one of the connected components of M \ S is a solid torus.
The following is a fundamental trichotomy for two-sided torus on irreducible 3-manifolds [6].
Lemma 2. A two-sided torus in an irreducible 3-manifold either is incompressible or is contained in a 3-ball or bounds a solid torus.
Now we introduce some basic tools in dynamics (see [5] for details). Hereafter X will denote a C1 vector ﬁeld in M and
Xt will denote the ﬂow generated by X in M . A subset Λ ⊂ M is invariant if Xt(Λ) = Λ for all t ∈ R. A surface S in M is
transverse to X if X(p) /∈ T p S for all p ∈ S . Clearly, every closed surface transverse to X is two-sided.
A nonwandering point of X is a point x ∈ M such that for every neighborhood U of x and every T > 0 there is t > T such
that Xt(U ) ∩ U = ∅. Examples of nonwandering points are the singularities (i.e. the zeroes of X ) and the periodic points, i.e.,
Xt(x) = x for some minimal t > 0. The set Ω(X) of all nonwandering points is clearly compact invariant. Given x ∈ M we
deﬁne the ω-limits set
ω(x) =
{
y = lim
n→∞ Xtn (x): tn is a real number sequence converging to ∞
}
.
An invariant set Λ is transitive if Λ = ω(x) for some x ∈ Λ; non-trivial if it does not reduce to a single orbit; and attracting
if there is a compact neighborhood U (called local basin of attraction) such that
Λ =
⋂
t0
Xt(U ).
An attractor is a transitive attracting set and a repeller is an attractor for −X (in whose case it corresponds a local basin of
repulsion). By using Lyapunov functions we can ﬁnd, arbitrarily close to an attractor (resp. repeller) of X , a local basin of
attraction (resp. repulsion) which is also a compact manifold with boundary transverse to X . We say that X is transitive if
M is a transitive set.
Denote by ‖ · ‖ the metric of M and by m(·) the minimal norm it induces. We say that a compact invariant set Λ of X is
hyperbolic if there are a tangent bundle decomposition TΛM = EsΛ ⊕ E XΛ ⊕ EuΛ over Λ and positive constants K , λ such that
• EsΛ is contracting, i.e., ‖DXt(x)/Esx‖ Ke−λt for all x ∈ Λ and t  0;
• EuΛ is expanding, i.e., m(DXt(x)/Eux ) K−1eλt for all x ∈ Λ and t  0;
• E Xx is the direction generated by X(x) in TxM for all x ∈ M .
We say that X is Axiom A if Ω(X) is both hyperbolic and the closure of the singularities and periodic points. The following
lemma is a direct consequence of the spectral decomposition theorem [5].
Lemma 3. Let X an Axiom A vector ﬁeld on M and U be a compact 3-manifold with boundary contained in M. If X is transverse to ∂U
pointing outward (resp. inward) to U at ∂U , then X has a repeller (resp. an attractor) in Int(U ).
Now we can state our main result.
Theorem 4. Let X be an Axiom A vector ﬁeld on an orientable closed 3-manifold M not homeomorphic to S3 . If every torus transverse
to X bounds a solid torus, then X either is transitive or has a sink or a source.
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can assume from the spectral decomposition theorem that X has an attractor A. Since X is not transitive we have A = M so
there is a local basin of attraction U of A which is also a compact manifold with boundary ∂U inwardly transverse to X . By
the stable manifold theorem [5] there is a stable foliation in U transverse to ∂U . Restricting this foliation to each connected
component of ∂U we see that each such components admits a one-dimensional foliation. From this we obtain that each of
such components is either a torus or a Klein bottle. However, M is orientable and ∂U is two-sided (for it is transverse to
X ) so each of these components is a torus. Denote by T1 one of these tori which is clearly transverse to X . It follows from
the hypotheses that T1 bounds a solid torus ST1. Replacing X by −X if necessary we can assume that X points outward to
ST1 at T1.
By Lemma 3 we have that X has a repeller R2 in Int(ST1). Take a local basin of repulsion U2 ⊂ ST1 of R2. As before we
have that ∂U2 = T 12 ∪ · · · ∪ T k2 is union of tori. Take one of these tori T i2 for i = 1, . . . ,k. Notice that ST1 is irreducible (for
it is a solid torus) and has no incompressible torus (for its fundamental group is inﬁnite cyclic).
We claim that T i2 bounds a solid torus in ST1, ∀i = 1, . . . ,k. Indeed, suppose that T i2 does not bound a solid torus in ST1.
Since T i2 is two-sided (for it is transverse to a vector ﬁeld) we obtain from Lemma 2 that T
i
2 is contained in some 3-ball B in
ST1. On the other hand, by the assumption of the theorem, we have that T i2 bounds a solid torus ST
∗ in M which cannot
be contained in ST1. Moreover, T i2 lies in the 3-ball B of ST1 so it also bounds a 3-manifold N2 ⊂ B (cf. [9]). Certainly
N2 = ST ∗ therefore the union N2 ∪ ST ∗ is a closed 3-manifold in M and then M = N2 ∪ ST ∗ by connectedness. Since
N2 ⊂ B we conclude that M is the union of the 3-ball B and the irreducible 3-manifold ST ∗ . Then, M is homeomorphic to
S3 by Lemma 1 a contradiction. From this contradiction we conclude that T i2 bounds a solid torus in ST1. This proves the
claim.
Let ST i2 denote the solid torus in the claim above, ∀i = 1, . . . ,k. We have either Int(ST i2) ∩ Int(U2) = ∅ for all i or
not. In the ﬁrst case we would obtain, by capping U2 with these solid tori, a closed 3-manifold inside ST1 which is a
contradiction since ST1 = M . Therefore, we can assume that the solid torus ST2 = ST 12 , corresponding to the torus T2 = T 12 ,
satisﬁes Int(ST2) ∩ Int(U2) = ∅ and then ST2 ∩ U2 is a non-empty open and closed subset of U2. Since U2 is connected
we have ST2 ∩ U2 = U2, i.e., U2 ⊂ ST2. In particular, T 22 ∪ · · · ∪ T k2 ⊂ Int(ST2). By a previous argument we have that each
T i2, i = 2, . . . ,k bounds a solid torus ST i2 in ST2 (otherwise M would be diffeomorphic to S3). Applying Lemma 2.2 in [8]
to ST = ST2 we have that ST i2 ∩ U2 = T i2 for i = 2, . . . ,k. Now we argue that k  2 for, otherwise, U2 = ST2 and then R2
would be a periodic orbit (and then a source) by Lemma 2.3 in [8] in contradiction with the hypothesis. Therefore, one of
the solid tori ST i2, i = 2, . . . ,k, satisﬁes that X is transverse to its boundary, pointing inward to ST i2.
Denote such a solid torus by ST3. Notice that
ST1 ⊃ Int(ST1) ⊃ ST3.
By repeating the above argument we obtain a solid torus ST5 ⊂ Int(ST3) such that X points outward to ST5 at T5 = ∂(ST5).
In this way we would obtain a nested sequence of solid tori
ST1 ⊃ Int(ST1) ⊃ ST3 ⊃ Int(ST3) ⊃ ST5 ⊃ · · · ⊃ ST2k+1 ⊃ Int(ST2k+1) ⊃ ST2k+3 ⊃ · · ·
so that X points inward or outward to ST2k+1 depending on whether k is even or odd. This sequence contradicts the
ﬁniteness of the attractors and repellers in the spectral decomposition theorem [5] and the proof follows. 
We ﬁnish with some examples satisfying the hypotheses of the above results.
Example 5. The geodesic ﬂows on negatively curved closed surfaces and the examples in [4] are Axiom A vector ﬁelds
satisfying the hypothesis of Theorem 4, none of which have a transverse torus. An example with a transverse torus is given
below.
Example 6. The suspension of an orientation-preserving Axiom A diffeomorphism of S2 is an example of an Axiom A vector
ﬁeld with a transverse torus satisfying the hypotheses of Theorem 4.
Indeed, consider the suspension X of an orientation-preserving diffeomorphism of S2. It is clear that X is Axiom A and,
since the diffeomorphism is orientation-preserving, we can assume that its ambient manifold M equals S2 × S1. Then, M
is orientable and not homeomorphic to S3. Moreover, X cannot be transitive since π1(S2 × S1) = Z has subexponential
growth [11]. It remains to prove that every torus T transverse to X bounds a solid torus. Consider T as the image of a
C∞ embedding f : S1 × S1 → S2 × S1. As is well known, either T bounds a solid torus or the induced homomorphism
f∗ : π1(S1 × S1) → π1(S2 × S1) is trivial (e.g. Proposition 1.4 in [2]). In the latter case T lifts to a torus T˜ in the universal
cover S2 × R of S2 × S1 which is transverse to the lift of X . From this we could obtain a covering map T˜ → S , where S is
a 2-sphere ﬁber of S2 × R, a contradiction. This contradiction proves that T bounds a solid torus.
Remark 7. Since there are no transitive Axiom A vector ﬁelds in S2 × S1, Theorem 4 and Example 6 imply that every Axiom A
diffeomorphism in S2 has a sink or a source. This result was pointed out earlier in [12].
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